Abstract. We analyze the local structure of moduli space of genus one stable quasimaps. Combining it with the p-fields theory developed in [8], we prove the hyperplane property for genus one invariants of stable quasimaps to hypersurface in P n .
introduction
There are different approaches to solve the calculation of higher genus Gromov Witten (GW for short) invariants. One is using the wall crossing formula between stable maps and stable quasimaps.
The moduli space of stable quasimaps to arbitrary GIT quotient, which was constructed and studied by Ciocan-Fontanine, Kim and Maulik [12] , is a generalization of stable quotient defined by Marian, Oprea and Pandharipande [30] . When the target is a projective complete intersection, Ciocan-Fontanine and Kim [13] proved that the invariants of stable quasimaps can be related to the GW invariants by mirror map for all genus (see also [10] and [11] for different cases), and [14] , [15] for different proofs. The calculation of genus zero invariants of stable quasimaps (stable quotient) was solved by Cooper and Zinger [17] , and Ciocan-Fontanine and Kim [10] . Kim and Lho [25] calculate the genus one without markings by using infinitesimally marking. Later the author [29] gave another proof of that genus one formula.
For other approaches one may consult the papers [3] , [4] , [5] , [6] , [7] , [18] , [20] and the reference there.
In this paper we will consider the genus one with markings, and prove the hyperplane property for genus one with one marking after defining the reduced invariants for stable quasimaps. This reduced invariants is an important term in the conjecture formula (1.2) for genus two invariants of stable quasimaps to quintic Calabi-Yau hypersurface. Thus this paper can be seen as a first step in our approach to the calculation of genus two invariants.
Let Qmap g,k (P n , d) be the moduli stack of genus g stable quasimaps to P n with k markings. Let Qmap g,k (Q, d) be the moduli stack of genus g stable quasimaps to the smooth hypersurface Q = (q(x) = 0) ⊂ P n with deg q = n + 1 and k markings. We always assume that n ≥ 4. It is a proper Deligne Mumford (DM for short)-stack, and carries a canonical virtual cycle [Qmap g,k (Q, d))]
vir . Let ψ i be the psi class, which is the first Chern class of the universal cotangent line bundle for the i-th marking. For γ 1 ∈ H ≤2 (Q, Q) ∼ = H ≤2 (C n+1 C * , Q), we define < ψ where ev 1 is the evaluation map ev 1 : Qmap 1,1 (P n , d) → C n+1 C * , a 1 = 0, or 1. Let X := Qmap 1,1 (P n , d), and denote by π X : C X → X its universal family of X . Let L be the universal line bundle over C X . The moduli stack X has two different components. Let X pri := Qmap pri (P n , d) ⊂ Qmap 1,1 (P n , d) be the primary component which is the closure of all stable quasimaps with smooth domains, and X gst be the other component. Let π Xpri be the restriction of π X on X pri . Then the direct image sheaf
is locally free (see Theorem 2.11) for r ∈ Z >0 . Definition 1.1. We define the genus one reduced stable quasimaps invariants of smooth Calabi-Yau hypersurface Q ⊂ P n to be
,
Then we have the following hyperplane property, Theorem 1.2. The reduced and the ordinary invariants of stable quasimaps to smooth Calabi-Yau hypersurface Q ⊂ P n are related by
When n = 4 and d > 3, let Q ⊂ P 4 be the quintic Calabi-Yau manifold. Let π : C → Qmap 2,0 (P 
Then we have the following conjecture for invariants of genus two stable quasimaps to quintic Q.
The proof of Theorem 1.2 in this paper uses the strategy which used in [2] . The invariants of stable quasimaps to Q can be realized as the invariants of stable quasimaps to P n with p-field developed in [8] . Since the structure of the moduli of stable quasimaps to P n with fields is much easier to analyze, it allows us to separate the "primary" and the "ghost" contributions algebraically.
We form P := L ∨⊗(n+1) ⊗ ω CX /X , and call it the auxiliary invertible sheaf on Qmap 1,1 (P n , d). We define the moduli of genus g = 1 degree d stable quasimaps with p-fields to be the direct image cone:
It is a Deligne-Mumford stack, with a perfect obstruction theory. The polynomial q(x) induces a cosection (homomorphism) of its obstruction sheaf
whose non-surjective locus (called the degeneracy locus) is
which is proper. The cosection localized virtual class construction of Kiem-Li defines a localized virtual cycle
By this theorem, to prove Theorem 1.2 it suffices to study the separation of the cycle [Y] 
The local equation
In this section, by using the method developed in [21] , we analyze the local structure of moduli stack of stable quasimaps to P n . First we recall the definition of terminal weighted rooted tree, see [21, Section 3] , here the trees are allowed to have flags.
Let γ be a connected rooted tree with o its root. The root o defines a unique partial ordering on the set of all vertices of γ according to the descendant relation so that the root is the unique minimal element and all non-root vertices are descendants of the root o. We call a vertex terminal if it has no descendants. In the following, given a rooted tree γ we denote by Ver(γ) the set of its vertices, by Ver(γ) * its non-root vertices, and by Ver(γ) t its terminal vertices. For a vertex v ∈ γ, let Next we consider weighted nodal curve with markings. Definition 2.2. Let C be a curve. We set
A weighted nodal curve with markings is a tuple (C,
A weighted nodal curve is called stable if every smooth ghost (weight 0) rational curve B ⊂ C, B contains at least three special points (nodes or markings) of C. Let M wt g,k be the Artin stack of stable weighted nodal curves of genus g with k markings. The core of a connected genus-one curve C is the unique smallest (by inclusion) subcurve of arithmetic genus one. Thus it is the irreducible genus one component or the smallest loop with arithmetic genus one. Letγ be the dual graph of the genus one nodal curve, and let the root o be the vertex corresponds to the core. Using the following four operations on the weighted rooted trees, pruning, collapsing, specialization, and advancing, see [21, Section 3.2], we can associate a terminal weighted tree to a weighted nodal genus one curve with markings (C, p 1 , · · · p k , χ), and denote it by γ.
Let Λ k,d be the set of stable weighted rooted trees. Thus there are only very few types of them.
With the above terminologies we can give a stratification of Qmap
) naturally gives rise to a weighted nodal genus one curve (C, p 1 , · · · , p k , χ), where the weight χ of an irreducible component of C is the degree of L restricting on that component. We denote the associated terminally weighted rooted tree by (γ [u] , χ).
) whose associated stable terminally weighted rooted trees is γ.
Proof. By the stability of quasimaps we know a γ ∈ Λ k,d may have l branches and of weights
, and there are m i ≥ 1 marked points on the i-th rational tail. Without the weight, γ is the reduced dual graph of some genus 1 nodal curve. We denote by M γ the stratum in M 1,k+l− mi consisting of stable genus 1 curves whose is γ with rational tails replaced by the corresponding marked points and the marked points on the core.
Since L is an ample line bundle, Qmap 0,1+mi (P n , d i ) are smooth and the evaluation morphisms u i are submersions. Hence Qmap 1,k (P n , d) γ is smooth.
Therefore we have the following stratification
When k = 1, there are only two elements in Λ 1,d . Therefore X = Qmap 1,1 (P n , d) is a union of smooth Deligne-Mumford stacks: X pri ⊂ X where γ of the generic point is a vertex without edge, the other is X gst . Geometrically, a generic element of X pri is a stable quasimap such that deg L| E > 0, where E is the core curve.
2.2.
Local equation of X . The proof of local structure of Qmap 1,k (P n , d) is parallel to [21] . We sketch it as following. Definition 2.5. Let D 1,k be the groupoid associating to each scheme S the set
, where π : C S → S is a flat family of connected genus one nodal curves and {L } is a line bundle on C S of degree d along fibers of C S /S as above. An arrow from (C S , {p j : 
⊗r , where r is a positive integer and N is a line bundle which has zero degree when restricts on every irreducible component of the fiber C s . We choose a general section A of C/V this time and also an additional general section B of C/V such that pass through the core of every fiber of C/V. These sections satisfy that
. This is possible after shrinking V if necessary. By the Mittag-Leffler exact sequence, the sheaf ρ * L ⊗r over V is the kernel sheaf of
The complex of locally free sheaves of O V -modules
Further, for any scheme g : T → V with the induced family ρ T :
, by cohomology and base change. We consider the inclusion of sheaves
and the induced inclusions
Both are locally free since R 1 ρ * M i and R 1 ρ * M = 0. By Riemann-Roch, ρ * M i is invertible and the rank of ρ * M is rd. We then let
and
be the evaluation homomorphisms. Obviously,
Let γ be the weighted terminal tree associated to (C,
, where with such node identified, for each vertex v ∈ γ we define
where q the associated node of v, and Σ q = {ζ q = 0} is the locus such that the node q is not smoothed. For any terminal vertex i ∈ Ver(γ) t , we let
We have the following theorem,
with the kernel sheaf of the homomorphism
where ℓ is the number of terminals vertices of γ.
For a point in Qmap 1,k (P n , d), let U be a small neighborhood of it. We pick a smooth chart V → D 1,k , which contains the image of U → D 1,k . Let U = V × D 1,k U and E V be the total space of the vector bundle ρ * L(A) ⊕n+1 . Let p : E V → V be the projection. Then the tautological restriction homomorphism
lifts to a section
Then there is a canonical open immersion U → (F = 0) ⊂ E V . To a terminal vertex b ∈ Ver(γ) t , we associate n coordinate functions w b,1 , · · · , w b,n+1 ∈ Γ(O EV ). We then set 
, we can find regular functions w b,1 , · · · , w b,n+1 , ζ i over 
, we can find n + 2 regular functions w 1 , · · · , w n+1 , ς 1 over E V such that
Futher, each w i and ς 1 has smooth vanishing locus, and different locus intersect transversally.
When k > 1, as in [21] , let Θ s be the closure in M 
, we can find n + 1 +d regular functions w 1 , · · · , w n+1
and ς 1 , . . . , ςd over E V whered = min{k, d}, such that
Futher, each w i and ς j has smooth vanishing locus, and different locus intersect transversally.
Therefore by the proof of [21, Theorem 2.11], we have Theorem 2.11. The direct image sheaf π X * L ⊗r is locally free over every component Qmap 1,1 (P n , d). It is of rank rd on the main component and of rank rd + 1 otherwise.
Moduli of stable quasimaps with fields
First we recall the moduli stack of stable quasimaps with fields introduced in [8] .
To simplify the notation, we will focus on the genus one case.
Let
⊗ ω CX /X . As in [8] , let Y = C(π X * P X ) be the cone stack over X . Let
The perfect relative obstruction theory of pr : Y → D 1,1 is given by
where T Y/D1,1 is the relative tangent complex. According to the convention, we call the cohomology sheaf
the relative obstruction sheaf of φ Y/D1,1 .
The authors [8] have constructed a cosection of Ob Y/D1,1 by using the defining polynomial q(x) of Q. Namely a homomorphism 
The degeneracy locus D(σ) of σ, where σ is not surjective, is the closed subset
Here Q = (q(x) = 0) ⊂ P n is the smooth Calabi-Yau hypersurface defined by the vanishing of the polynomial q(x) used to construct the cosection σ, Qmap 1,1 (Q, d) is the moduli of stable quasimpas to Q.
Applying [24] on cosection localized virtual class, we obtain a localized virtual class (3.4) [Y]
This is well-defined since Qmap 1,1 (Q, d)) is proper.
Theorem 3.1 ([8]
, [26] ). We have
We remark that this Theorem holds for all genus g and k. For our purpose here, we only state in the case g = 1 and k = 1.
Let X = X pri ∪ X gst be the two components of X . Let p : Y −→ X be the projection morphism, and Y α = Y × X X α , where α = pri or gst. Then 
where z ∈ V × C d(n+1) , ς 1 is a regular function on V, w i are coordinates of C n+1 and t are coordinate of C. 
It is locally free when restricts on Z 1 . For the open subset U := Z 2 \ Z 1 , at least one w i = 0, let it be w 1 , thus
Let V and U be smooth affine charts of D 1,1 and Y as in Proposition 3.2. Denote by
C pri be the cone [X pri /h 0 (T X /D1,1 )], and C gst := C Ygst/D1,1 , By Proposition 3.2 and Lemma 3.3, the intrinsic normal cone
which supported on X pri and Y gst respectively. Thus
Consequently,
Let D(σ) be the degenerate loci of cosection σ restricts on Y pri , and letι : 
For deg(ψ
we have the following proposition which will be proved in the next section.
Proposition 3.5.
These two propositions and the identity (3.9) combined give a proof of Theorem 1.2.
Remark 3.6. When k > 1, using the method developed in [16] and [27] , one can obtain the analog results for genus one stable quaismaps.
Cosection localized Gysin map via compactifications
In this section we give the proof of Proposition 3.5. Let M := X gst , and π M : C M → M be the universal family. Let L M be the universal bundle over C M , and
They are vector bundles (locally free sheaves) on M . By [8] , we have
Let π Y : C Y → Y be the universal family, and L Y be the universal line bundle over Y. Denote π W :
BothṼ 1 andṼ 2 are locally free on W . We denote byξ = (ξ 1 ,ξ 2 ), whereξ
where σ is given in (3.2) .
We letξ 2 =γ * ξ 2 , which is the extension ofξ 2 . Letξ 1 : 
Following [8] , the non-surjective locus D(ξ) ofξ = σ| Ygst is
which is proper. Let
Then we obtain a canonical morphism ρ 1 :Ṽ 1 →Ṽ 1 , similarly we have a canonical ρ 2 :Ṽ 2 →Ṽ 2 . Note that both ρ i are proper, andṼ i are (relative to W ) coarse moduli spaces ofṼ i . By the base change property of the h 1 /h 0 -construction, and the construction of
Let C gst be the coarse moduli of C gst relative to W , thus C gst ⊂Ṽ sinceṼ is the coarse moduli ofṼ. Further, since the projection ρ := ρ 1 × ρ 2 :Ṽ →Ṽ is smooth, we have an identity of cycles ρ
Therefore w have the following identity 
we obtain canonical
thus they are rank two locally free sheaves on M .
Considering the following diagrams: (4.7)
Because There also exists an isomorphic M 1,1 × M 0,2 → M • . Let q 1 and q 2 be the projections to M 1,1 and M 0,2 . Let L p and L q be the correspondent cotangent line bundles with respect to the marking points over M 1,1 and M 0,2 . Then we have
Considering the cotangent complex of the trip (M,
) and H 1 (T M/M1,1 ) are rank one bundles on M , and
We continue to denote byγ : W → M the projection. Recall that
Proof. By definition we know
be the universal family of K. Let β 1 and β 2 be the projection from M to M 1,1 and K. Let L 1 be the universal line bundle over ).
Next we calculateγ * (c n−1 (V 3 )). Let θ 2 : D 1,1 → M 1,1 , then β 1 = q 1 θ 2 θ 1 . The tautological family C M → M splits into two families of curves: C ′ and C ′′ , such that C ′ is the fiber product of β 1 : M → M 1,1 and π M1,1 : C M1,1 → M 1,1 , and C ′′ is the fiber product of β 2 : M → K and π K : C K → K. Therefore there exists a surjective morphism
Because R 1 π K * O CK = 0, the morphism β * 
By (4.8), (4.10) and (4.11) we have the following exact sequence for S, 
